



















Angular pattern of interferometers for
salar gravitational waves in the gauge of
the loal observer used for a potential








Reently, with the bounhing photon treatment, the gauge invari-
ane of the response of an interferometer to salar gravitational waves
(SGWs) has been demonstred in its full frequeny dependene in three
dierent gauges well known in literature, while in previous works it was
been shown only in the low frequenies approximation. In this paper the
analysis of the response funtion for SGWs is generalized in its full an-
gular dependene and diretly in the gauge of the loal observer, whih
is the gauge of a laboratory enviroment on Earth. The result is used for
anlyzing the ross - orrelation between the two LIGO interferometers in
their advaned onguration for a potential detetion of a stohasti bak-
ground of SGWs. An inferior limit for the integration time of a potential
detetion is released.
PACS numbers: 04.80.Nn, 04.30.Nk, 04.50.+h
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1 Introdution
The design and onstrution of a number of sensitive detetors for GWs is un-
derway today. There are some laser interferometers like the VIRGO detetor,
being built in Casina, near Pisa by a joint Italian-Frenh ollaboration, the
GEO 600 detetor, being built in Hanover, Germany by a joint Anglo-Germany
ollaboration, the two LIGO detetors, being built in the United States (one in
Hanford, Washington and the other in Livingston, Louisiana) by a joint Calteh-
Mit ollaboration, and the TAMA 300 detetor, being built near Tokyo, Japan.
There are many bar detetors urrently in operation too, and several interfer-
ometers and bars are in a phase of planning and proposal stages (for the urrent
status of GWs experiments see [1, 2℄).
The results of these detetors will have a fundamental impat on astrophysis
and gravitation physis. There will be lots of experimental data to be analyzed,
and theorists will be fored to interat with lots of experiments and data analysts
to extrat the physis from the data stream.
Detetors for GWs will also be important to onrm or ruling out the physial
onsisteny of General Relativity or of any other theory of gravitation [3, 4, 5,
6, 7℄. This is beause, in the ontext of Extended Theories of Gravity, some
dierenes from General Relativity and the others theories an be seen starting
by the linearized theory of gravity [3, 4, 6, 7℄.
With the bounhing photon analysis (see gure 1), reently, in [6℄ the gauge
invariane of the response of an interferometer to SGWs has been demonstred
in three dierent gauges well known in literature and for all the frequenies of
SGWs, while in previous literature this gauge invariane was shown only in the
low frequenies approximation (i.e. wavelength of the SGW muh larger than
the distane between the test masses, see for example [7℄). In this paper the
analysis of the response funtion for SGWs is generalized in its full angular de-
pendene and diretly in the gauge of the loal observer, whih is the gauge of
a laboratory enviroment on Earth. The result is used to analyze the ross - or-
relation between the two LIGO interferometers in their advaned onguration
for a potential detetion of a stohasti bakground of SGWs. A superior limit
of the signal to noise ratio for this potential detetion, whih gives an inferior
limit for the integration time, is released.
2 Analysis in the gauge of the loal observer
In a laboratory enviroment on earth, the oordinate system in whih the spae-
time is loally at is typially used (see refs. [6, 7, 8, 9, 10℄) and the distane
between any two points is given simply by the dierene in their oordinates
in the sense of Newtonian physis. In this gauge, alled the gauge of the loal
observer, SGWs manifest themself by exerting tidal fores on the masses (the
mirror and the beam-splitter in the ase of an interferometer, see gure 1).
A detailed analysis of the gauge of the loal observer is given in ref. [8℄, set.






Figure 1: photons an be launhed from the beam-splitter to be bouned bak
by the mirror
the time oordinate x0 is the proper time of the observer O;
spatial axes are entered in O;
in the speial ase of zero aeleration and zero rotation the spatial oor-
dinates xj are the proper distanes along the axes and the frame of the loal
observer redues to a loal Lorentz frame: in this ase the line element reads
ds2 = (−dx0)2 + δijdxidxj +O(|dxj |2)dxαdxβ ; (1)
the eet of SGWs on test masses is desribed by the equation for geodesi
deviation in this gauge
x¨i = −R˜i0k0xk, (2)
where we have alled R˜i0k0 the linearized Riemann tensor [6, 8℄.
Reently Capozziello and Corda [6℄ have demonstred that the response of
an interferometer to SGWs is invariant in three dierent gauges well known in
literature and for all the frequenies of SGWs, while in previous literature this
gauge invariane was shown only in the long wavelength approximation [7℄. In
[6℄ the angular pattern of interferometers was omputed in the TT gauge, while
in this paper it is omputed in its full angular dependene diretly in the gauge
of the loal observer, whih is the gauge of a laboratory enviroment on Earth. To
ompute the total response funtions of interferometers for SGWs generalized in
their full angular dependene (detetor pattern), we will use an analysis parallel
to the ones in refs. [6, 9℄. We will see that, in the gauge of the loal observer,
we have to onsider two dierent eets in the alulation of the variation of the
round-trip time for photons, in analogy with the ases of refs. [6, 9℄ where the
eets onsidered were three, but the third eet vanishes putting the origin of
our oordinate system in the beam splitter of our interferometer (see also the
massive ase in [6℄). In this paper we work with G = 1, c = 1 and ~ = 1 and we
all Φ(t−z) the weak perturbation due to the salar polarization of the GW [6℄.
3
Then we an rewrite equations (74) and (75) of [6℄ that represent the variations
of the oordinates of the mirror of the interferometer in presene of a SGW in










Eqs. (3) and (4) have been obteined using the perturbation method (see










To ompute the respone funtion for an arbitrary inoming diretion of the
SGW we have to remember that the arms of our interferometer are in the
−→u
and
−→v diretions, while the x, y, z frame is the frame of the loal observer in
phase with the frame of the propagating SGW. Then we have to make a spatial
rotation of our oordinate system:
u = −x cos θ cosφ+ y sinφ+ z sin θ cosφ
v = −x cos θ sinφ− y cosφ+ z sin θ sinφ
w = x sin θ + z cos θ,
(7)
or, in terms of the x, y, z frame:
x = −u cos θ cosφ− v cos θ sinφ+ w sin θ
y = u sinφ− v cosφ
z = u sin θ cosφ+ v sin θ sinφ+ w cos θ.
(8)
In this way the SGW is propagating from an arbitrary diretion
−→r to the
interferometer (see gure 2). Assuming that the mirror of eqs. (3) and (4) is
situated in the u diretion, using eqs. (7), (8), (3) and (4) the u oordinate of




LAΦ(t− u sin θ cosφ). (9)
where we have dened








Figure 2: a SGW inoming from an arbitrary diretion
A good way to analyze variations in the proper distane (time) is by means
of bouning photons (see refs. [6, 9℄ and gure 1).
We start by onsidering a photon whih propagates in the u axis, but we
will see in next Setion that the analysis is almost the same for a photon whih
propagates in the v axis.
Putting the origin of our oordinate system in the beam splitter of our inter-
ferometer and using eq. (9) the unperturbed oordinates for the beam-splitter
and the mirror are ub = 0 and um = L. Thus the unperturbed propagation
time between the two masses is
T = L. (11)
From eq. (9) we nd that the displaements of the two masses under the
inuene of the SGW are





LAΦ(t− L sin θ cosφ). (13)
In this way, the relative displaement, whih is dened by











LAΦ(t− L sin θ cosφ). (15)
But we have the problem that, for a large separation between the test masses
(in the ase of Virgo the distane between the beam-splitter and the mirror
is three kilometers, four in the ase of LIGO), the denition (14) for relative
displaements beomes unphysial beause the two test masses are taken at the
same time and therefore annot be in a asual onnetion (refs. [6, 9℄). We an
write the orret denitions for our bouning photon like
δL1(t) = δum(t)− δub(t− T1) (16)
and
δL2(t) = δum(t− T2)− δub(t), (17)
where T1 and T2 are the photon propagation times for the forward and return
trip orrespondingly. Aording to the new denitions, the displaement of one
test mass is ompared with the displaement of the other at a later time to
allow for nite delay from the light propagation. We note that the propagation
times T1 and T2 in eqs. (16) and (17) an be replaed with the nominal value
T beause the test mass displaements are alredy rst order in Φ (refs. [6, 9℄).
Thus, for the total hange in the distane between the beam splitter and the
mirror in one round-trip of the photon, we get
δLr.t.(t) = δL1(t− T ) + δL2(t) = 2δum(t− T )− δub(t)− δub(t− 2T ), (18)
and in terms of the amplitude of the SGW:
δLr.t.(t) = LAΦ(t− L sin θ cosφ− L). (19)
The hange in distane (19) lead to hanges in the round-trip time for photons
propagating between the beam-splitter and the mirror:
δ1T (t)
T
= AΦ(t− L sin θ cosφ− L). (20)
3 Eet of urved spaetime
In the last alulation (variations in the photon round-trip time whih ome from
the motion of the test masses induted by the SGW), we impliitly assumed that
the propagation of the photon between the beam-splitter and the mirror of our
interferometer is uniform as if it were moving in a at spae-time. But the
presene of the tidal fores indiates that the spae-time is urved (ref. [8℄
shows that the frame of the loal observer is at only in a rst approximation).
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As a result we have to onsider one more eet after the rst disussed that
requires spaial separation [6, 9℄.
From equations (5), (6), (7) and (8) we get the tidal aeleration of a test
mass aused by the SGW in the u diretion
u¨(t− u sin θ cosφ) = 1
2
LAΦ¨(t− u sin θ cosφ). (21)
Equivalently we an say that there is a gravitational potential (refs. [6, 9℄):





Φ¨(t− l sin θ cosφ)dl, (22)
whih generates the tidal fores, and that the motion of the test mass is
governed by the Newtonian equation
−¨→r = −▽ V. (23)
For the seond eet we onsider the interval for photons propagating along
the u -axis
ds2 = g00dt
2 + du2. (24)




)2 = 1 + 2V (t, u), (25)
whih to rst order in Φ is approximated by
v ≈ ±[1 + V (t, u)], (26)
with + and − for the forward and return trip respetively. If we know the
oordinate veloity of the photon, we an dene the propagation time for its














The alulations of these integrals would be ompliated beause the um
boundaries of them are hanging with time:
ub(t) = 0 (29)
and
um(t) = L+ δum(t). (30)
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But we note that, to rst order in Φ, these ontributions an be approximated
by δL1(t) and δL2(t) (see eqs. (16) and (17)). Thus, the ombined eet of the
varying boundaries is given by δ1T (t) in eq. (20). Then we have only to alulate
the times for photon propagation between the xed boundaries: 0 and L. We
will denote suh propagation times with ∆T1,2 to distinguish from T1,2. In the









V (t′, u)du, (31)
where t′ is the retardation time (i.e. t is the time at whih the photon arrives
in the position L, so L−u = t−t′) whih orresponds to the unperturbed photon
trajetory:
t′ = t− (L− u).




V (t′, u)du, (32)
where now the retardation time is given by
t′ = t− u.
The sum of ∆T1(t− T ) and ∆T2(t) give us the round-trip time for photons
traveling between the xed boundaries. Then we obtain the deviation of this
round-trip time (distane) from its unperturbed value 2T as
δ2T (t) = −
∫ L
0 [V (t− 2L+ u, u)du+
− ∫ 0L V (t− u, u)]du, (33)









Φ¨(t− 2T + l(1− sin θ cosφ))dl+
− ∫ u
0
Φ¨(t− l(1 + sin θ cosφ)dl]du.
(34)
Thus we have for the total round-trip proper distane in presene of the
SGW:
Tt = 2T + δ1T + δ2T, (35)
and
δTu = Tt − 2T = δ1T + δ2T (36)
is the total variation of the proper time (distane) for the round-trip of the
photon in presene of the SGW in the u diretion.






the quantity (36) an be omputed in the frequeny domain as
δ˜Tu(ω) = δ˜1T (ω) + δ˜2T (ω) (38)
where
δ˜1T (ω) = exp[iωL(1 + sin θ cosφ)]LAΦ˜(ω) (39)
δ˜2T (ω) = −LA2 [−1+exp[iωL(1+sin θ cosφ)]−iLω(1+sin θ cosφ)(1+sin θ cosφ)2 +
+ exp(2iωL)(1−exp[iωL(−1+sin θ cosφ)]+iLω−(1+sin θ cosφ)(−1+sin θ cosφ)2 ]Φ˜(ω).
(40)
In the above omputation the derivation and translation theorems of the
Fourier transform have been used. In this way, if we use eq. (10) we obtain the




= 12iωL [−1 + exp(2iωL)+
+ sin θ cosφ((1 + exp(2iωL)− 2 exp iωL(1 + sin θ cosφ))],
(41)
whih is the same result of equation (148) of ref. [6℄, where the omputation
has been made in the trasverse-traeless (TT) gauge.
4 Computation for the v arm
The omputation for the v arm is parallel to the one above. The oordinate of




LBΦ(t− v sin θ sinφ), (42)
where we have dened
B ≡ cos2 θ sin2 φ+ cos2 φ. (43)
Thus, with the same way of thinking of previous Setions, we get variations
in the photon round-trip time whih ome from the motion of the beam-splitter
and the mirror in the v diretion:
δ1T (t)
T
= LBΦ(t− L sin θ sinφ− L), (44)










Φ¨(t− 2T + l(1− sin θ sinφ))dl+
− ∫ u
0
Φ¨(t− l(1 + sin θ sinφ)dl]du,
(45)




= 12iωL [−1 + exp(2iωL)+
+ sin θ sinφ((1 + exp(2iωL)− 2 exp iωL(1 + sin θ sinφ))],
(46)
whih is exatly the result (149) of [6℄ where the omputation has been made
in the TT gauge.
5 The total response funtion
The total response funtion is given by the dierene of the two response fun-
tion of the two arms:
Htot(ω) = Hu(ω)−Hv(ω), (47)




= sin θ2iωL{cosφ[1 + exp(2iωL)− 2 exp iωL(1 + sin θ cosφ)]+
− sinφ[1 + exp(2iωL)− 2 exp iωL(1 + sin θ sinφ)]},
(48)
whih is exatly the total response funtion (150) of [6℄ where the ompu-
tation has been made in the TT gauge. Thus we have also shown the gauge
invariane between the gauge of the loal observer and the TT gauge for the
total angular dependent response funtion of an interferometer, improving the
result of [6℄, where the gauge invariane was shown only in its simplest geometri
onguration (propagation of the SGW perpendiular to the two arms).
We also see that eq. (48) is in perfet agreement with the detetor pattern
of refs. [7℄ and [11℄ in the low frequenies limit (ω → 0):
Htot(ω → 0) = − sin2 θ cos 2φ. (49)
6 The signal to noise ratio in the two antennas
orrelation for the detetion of a stohasti bak-
ground of salar waves
Let us onsider a stohasti bakground of SGWs [12, 13℄. It an be desripted
in terms of our salar eld Φ and haraterized by a dimensionless spetrum
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is the (atual) ritial density energy, ρc of the Universe [14, 15, 16, 17℄.
Beause we are interating with a stohasti bakground we an treat the
omplex Fourier amplitude Φ˜ as a random variable with zero mean value in a
way parallel to [14, 15℄ in the Fourier domain. By assuming that the stohasti
baground is isotropi and stationary, we an write the ensamble average of the
produt of two Fourier amplitudes as
< Φ˜ ∗ (f, Ωˆ)Φ˜(f ′, Ωˆ′) >= δ(f − f ′)δ2(Ωˆ, Ωˆ′)S˜Φ(f), (52)
where Ωˆ is a unit vetor speiing the propagation diretion, and, using the





The optimal strategy for a potential detetion of a stohasti bakground
requieres the ross orrelation of at last two detetors [12, 13, 18, 19℄ with




Φ(t) + ni(t), (54)






where Q is a suitable lter funtion, usually hosen to optimize the signal
to noise ratio (SNR)
SNR =< S > /∆S. (56)
In the above equation ∆S is the variane of S. By assuming that the obser-
vation time is muh larger than the temporal distane between the two detetors












where θ(f) is the Heaviside step funtion and γ(f) the so - alled Flanagan's
overlap redution funtion [20℄ adapted to salar waves [12, 13℄.
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For the omputation of the variane we assume that, in eah detetor, the





dfP1(|f |)P2(|f |)|Q˜(f)|2, (58)
where Pi(|f |) is the one-sided power spetral density of the i detetor (see
[21℄ for details).
If we introdue the inner produt






the squared signal to noise ratio an be rewritten as










The above ratio is maximal for
Q˜ = k
θ(f)Q˜(f)Ωsgw(f)γ(f)
f3P1(|f |)P2(|f |) , (61)











f6P1(|f |)P2(|f |) . (62)
7 The generalized overlap redution funtion for
the advaned LIGO-LIGO orrelation
The overlap redution funtion for SGWs has been used in [7, 12, 13℄ starting





dΩˆ exp(2piif Ωˆ · −→r 12)H1(f)H2(f), (63)
where
−→r 12 is the distane between the two detetors and Hi(f) the angular
pattern of the i detetor (i = 1, 2). We emphasize that, in the works atually
present in literature, the low frequenies approximation angular pattern (49) has
been used in the omputation of the overlap redution funtions for stohasti
bakgrounds of SGWs (see for example [7, 12, 13℄). Now the analysis will be
improved with te auxilium of the frequeny dependent angular pattern (48).
Putting the origin of our oordinate system in the LIGO site in Hanford (for





sin θdθdφ exp(2piifX) sin θ2iωL{cosφ[1 + exp(2iωL)− 2 exp iωL(1 + sin θ cosφ)]+
− sinφ[1 + exp(2iωL)− 2 exp iωL(1 + sin θ sinφ)]}∗
sin(θ−θ1)
2iωL {cos(φ − φ1)[1 + exp(2iωL)− 2 exp iωL(1 + sin(θ − θ1) cos(φ− φ1))]+
− sin(φ− φ1)[1 + exp(2iωL)− 2 exp iωL(1 + sin(θ − θ1) sin(φ− φ1))]}
(64)
where θ1 = −28.640,φ1 = 71.20 (see [22℄), L = 4Km and
X ≡ d{cos(φ1 − φ)(− sin θ1 + cos θ1(cosφ1 + sinφ1))∗
(− sin θ + cos θ(cosφ+ sinφ)) + (cos θ1 + sin θ1(cosφ1 + sinφ1))
(cos θ + sin θ(cosφ+ sinφ))− sin(φ1 + φ)
∗ (65)
where d = 2997.9Km.
In gure 3 the absolute value of the overlap redution funtion (64) is plotted
in the frequeny-range of earth based interferometers that is the interval 10Hz ≤
f ≤ 1KHz.
We see from the gure that the value of the overlap redution funtion of the
two LIGO interferometers for SGWs is low, thus we expet a long integration
time to improve the SNR. An inferior limit for the integration time of a potential
detetion will be omputed in next Setion. This inferior limit for the integration
time orresponds to a superior limit for the spei SNR of the orrelation
between the two advaned LIGO.
8 The spei signal to noise ratio in the two ad-
vaned LIGO interferometers for salar waves
For the omputation of the SNR (62) we use the analytial t of refs. [13, 23℄
for the noise spetral density of advaned LIGO:
P (f) = P05 [(
f
f0
)−4 + 2 + ( ff0 )
2]
P0 = 2.3 ∗ 10−48 f0 = 75Hz.
(66)
We reall that the spetrum of stohasti bakgrounds is at in the frequeny-
range of earth based interferometers [14, 19℄. We also know that WMAP ob-
servations put strongly severe restritions on the spetrum [16, 17℄. In g. 4
we map the spetrum Ωsgw: we hose the amplitude (determined by the ratio
ρds
ρP lanck
[14, 19℄) to be as large as possible, onsistent with the WMAP onstraints
on salars perturbations [16, 17℄. The inationary spetrum rises quikly at low
13






Figure 3: The absolute value of the overlap redution funtion (64) in the
frequeny-range 10Hz ≤ f ≤ 1KHz.
14
frequenies (wave whih rentered in the Hubble sphere after the Universe beame
matter dominated) and falls o above the (appropriately redshifted) frequeny
sale fmax assoiated with the fastest harateristi time of the phase transition
at the end of ination. The amplitude of the at region depends only on the
energy density during the inationary stage [14, 19℄, this means that today, at
LIGO and LISA frequenies, indiate by the arrows in g. 4,
Ωsgw < 2.3 ∗ 10−12. (67)
For mor details about the spetrum of reli GWs see refs.[14, 19℄.
Using equations (62), (64) and (66) the SNR reads
(SNR) = 5.56 ∗ 10−4
√
2T, (68)
thus we need a time of 6.47 ∗ 106 seonds, i.e. about 3 months to obtain
(SNR) = 1.
We emphasize that the assumption that all the salar perturbation in the
Universe are due to a stohasti bakground of SGWs is quit strong, but our
results an be onsidered like a superior limit for the SNR and an inferior limit
for the integration time.
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Figure 4: The spetrum of reli SGWs in inationary models is at over a wide
range of frequenies. The horizontal axis is log10 of frequeny, in Hz. The verti-
al axis is log10Ωgsw . The inationary spetrum rises quikly at low frequenies
(wave whih rentered in the Hubble sphere after the Universe beame matter
dominated) and falls o above the (appropriately redshifted) frequeny sale
fmax assoiated with the fastest harateristi time of the phase transition at
the end of ination. The amplitude of the at region depends only on the en-
ergy density during the inationary stage; we have hosen the largest amplitude
onsistent with the WMAP onstrains on salar perturbations. This means that
at LIGO and LISA frequenies, Ωsgw < 2.3 ∗ 10−12
9 Conlusion remarks
With the bounhing photon analysis , reently, in [6℄ the gauge invariane
of the response of an interferometer to SGWs has been demonstred in three
dierent gauges well known in literature and for all the frequenies of SGWs,
while in previous literature this gauge invariane was shown only in the low
frequenies approximation. In this paper the analysis of the response funtion
for SGWs has been generalized in its full angular dependene and diretly in the
gauge of the loal observer, whih is the gauge of a laboratory enviroment on
Earth. The result has been used to analyze the ross - orrelation between the
two LIGO interferometers for a potential detetion of a stohasti bakground of
16
SGWs. A superior limit for the SNR has been resealed, whih also orresponds
to an inferior limit for the integration time.
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